Understanding shallow water wave propagation is of major concern in any coastal mitigation effort. Many times, a solitary wave replicates a shallow water wave in its extreme sense which includes a tsunami wave. It is mainly due to known physical characteristics of such waves. Therefore, the study of propagation of solitary waves in the near shore waters is of equal importance in the context of non linear water waves. Owing to the significant growth in computational technologies in the last few decades, a significant number of numerical methods have emerged and applied to simulate nonlinear solitary wave propagation. In this study, one such method, the Smoothed Particle Hydrodynamics (SPH) method has been described to simulate the solitary waves. The split-up of a single solitary wave while it crosses a continental kind of shelf has been simulated by the present model. Then SPH model is coupled with the Boussinesq model to predict the time interval between two successive solitary waves on landfall. It has also been shown to be equally efficient in simulating the wave breaking while a solitary wave propagates over a mild slope.
INTRODUCTION
A tsunami wave is generally referred by its long wave length and massive crest body. In the geophysical process, the underwater continental plates stretching over several thousands of miles change their relative position with respect to the adjacent plate very rapidly. This leads to a huge displacement of water body which evidently perturb the ocean free surface in the form of a tsunami wave. A tsunami wave thus generated travels across long distances experiencing both change in wave celerity and crest shape before lashing over the near shore areas. A proper understanding of tsunami wave is therefore inevitable in any coastal mitigation effort. However, the understanding of tsunami wave is yet to be revealed fully due to their very sudden yet rare occurrences. From past research works, it has been found that if a tsunami wave is assumed as a solitary wave then it is possible to probe into the nonlinear characteristics caused by a tsunami wave interacting with coastal bodies. Therefore, many a times, a tsunami wave is defined by a solitary wave due to its known physical characteristics which can be efficiently expressed through the well known 1 st order or higher order wave theories. Recent advances in computational technologies has facilitated the researchers to investigate the nonlinear solitary wave phenomenon in a numerical wave flume (NWF), where a solitary wave is generated and its behaviour is studied over time scale. NWFs are mostly preferred due to their capability to reproduce a wave beach set up easily and carry out various test cases within a very short span of time compared to a physical model based study where switching from one case to another may take several hours.
The existing numerical methods generally applied to study nonlinear water waves can be broadly divided into two major categories-a) models based on the Fully Nonlinear Potential Theory (FNPT) and b) model based on the complete set of the Navier-Stoke's (NS) equation. Models based on the former approach have been extensively applied and has been found to describe the various nonlinear aspects associated with water waves quite successfully and efficiently. For the models based on the latter one, there exists a great flexibility for considering various flow situations and the major potentiality to study turbulence which is known to be quite important in any problems of interest in environmental engineering. Seabra-Santos et al. (1987) studied the propagation of solitary wave as it travels over continental type shelf and the split-up of a single solitary wave into multiple solitons was successfully simulated thorough the model based on Finite Difference Method (FDM) and results were compared with experiments. Similar kind of studies for the solitary wave split up has also been carried out by Sriram et al. (2006) using Finite Element Method (FEM) based on FNPT. Most of these methods need to resort on a well created and maintained grid structure which sometime becomes problematic to maintain in the presence of an ever changing dynamic free surface. These issues become severe when the model is expected to describe the post breaking stages in a wave structure interaction problem. In this regard, particle based meshless methods are being regarded as the promising alternatives. They have already been applied successfully to simulate wave propagation even with a flow separation. Smoothed Particle Hydrodynamics (SPH) is one of such methods. Dalrymple and Rogers (2006) have studied various kinds of water wave related problems (like wave breaking over beach, green water overtopping etc.) by SPH method. Koshizuka et al. (1998) analyzed the breaking wave problem through their Moving Particle Semi implicit (MPS) model. However, in spite of the increasing number of applications in the area of coastal engineering, particle based methods like SPH, MPS etc. are often criticized for-a) non realistic large oscillations in local pressure field. This problem, probably, a common issue in any numerical method intending to solve NS, and b) without any corrective efforts, less stable in longer time scale where other grid based methods are much more reliable. This problem resists the particle based methods to capture certain nonlinearities in water wave problem e.g. solitary wave split up over steps. These issues are of great concern in research works on particle based numerical methods. Khayyer and Gotoh (2009) have applied their modified MPS method to improve the prediction of wave impact pressures. Recently, Li et al. (2012) has shown that classical SPH formulations are quite able of simulating the solitary wave split up/ fission process. These studies have indeed broadened the area of applicability of particle based meshless methods in the field of water wave related problems.
In this study, SPH method has been implemented to study the solitary waves simulated in a NWF. In the first part, a brief description of the mathematical formulations and associated assumptions has been given for the present model. The second part consists of an introduction with the well known Boussinesq theory for its role in the present model for the initial value problems. The third part is about few test cases studied through the SPH model and the prediction for the time interval of arrival of two successive tsunami waves at few selected locations along northern part of Tamilnadu coast during the Great Indian Ocean tsunami, 2004. For that, it was necessary to couple the SPH model with the Boussinesq model. Some of the test cases describe the efficiency of the present SPH model in simulating breaking waves. A conclusion has been drawn based on the studies carried out in the fourth part. More details regarding the formulations, implementation issues and validation cases (e.g. 2D sloshing in a rectangular tank due to sway excitation, dam break etc.) are available in De Chowdhury and Sannasiraj (2011).
MATHEMATICAL FORMULATIONS SPH formulation
The foundation of SPH is based on the theory of integral interpolation. According to this theory, any field variable may be decomposed into several differential parts representing the value of the same at that point interpolated from the surrounding set of points. The idea behind this interpolation process is depicted in the Figure 1 , where i refers to the target particle where required properties are calculated, j
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Numerical Simulation of Solitary Waves Using Smoothed Particle Hydrodynamics Method refers to the neighbouring particle from where the contribution in the interpolation process is extracted via the kernel function. In the present study the renormalized Gaussian kernel (Colagrossi and Landrini, 2003) has been used as the kernel function. The kernel function in turn is a function of the distance between the particles (r ij ) and the smoothing length (h). The kernel function attempts to approximate the Dirac-Delta function as close as possible. kh represents the radius of the support domain (Ω) for the i th particle. k is the scale factor. h is taken as some fraction of the initial particle spacing. Therefore in a continuous field, a field variable f = f(x) may be expressed as,
Whereas, the derivative of is written as (Liu and Liu, 2003) ,
The above eqn.
[2] enables one to represent the derivative of a field variable through taking derivative (W') of the kernel function keeping the variable itself intact.
Following the above eqns. [1, 2] , it is possible to calculate the required property A i at i th particle, from the knowledge of the A j at the j th particle in the form of discrete summations taken over N number of neighbours as shown in the Figure 1 . (3) (4)
Governing equations
The governing equations for the problems considered are the continuity and the NS equations-
The above eqn. [6] is actually the approximated form of the original NS for an incompressible and inviscid flow. X represents the body force term, which is g (0,-9.8), the acceleration due to gravity, and
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Where, v ij =v i -v j and Π ij is the artificial viscosity term added with the pressure gradient term in eqn.
[8] to make the system stable (Monaghan and Kos(1999) ). In order to make the eqns. [7] [8] in closed form, the flow is assumed to be weakly compressible. With that approach, pressure (p) is calculated from the known of density (ρ) through the following equation of state (EOS)- (9) With, ρ o being the nominal water density (1000kg/m 3 ). B is defined as ρ o C s 2 /γ. Where, _ is the adiabatic factor taken as 7 and C s the numerical sound speed considered in the medium. Now in order to achieve the incompressibility effect in a proper numerical sense, the value of C s is taken as 10 times of the maximum expected flow velocity. Numerical tests suggest that with that value the density variation lies within a range of 1.0% of the nominal value (ρ o ). However, in long time simulations, this expected range often found to be crossed drastically and therefore the density field is re -initialized following Colagrossi and Landrini (2003) at certain number of time steps as (10)
Where, W ij mls is more accurate kernel approximations for the field variables and helps to maintain a smooth density field (and therefore pressure) in the course of the simulation. However, since the particles near the free surface generally suffers from poor interpolation at each time step, the velocity field (v) is further smoothed as (Monaghan and Kos(1999) )- (11) ρ ij -= (ρ i +ρ j )/2, the ε factor which is popularly known as XSPH correction factor, maintains a smooth velocity field. For most of the simulation cases described herein after, its value has been taken as 0.5. For most of the problems in water waves, the fulfilment of the dynamic free surface boundary condition (DFSBC) requires to be pressure at the free surface as strictly to be atmospheric or zero. Therefore, at each time step particles lying at the free surface are captured by a separate algorithm and pressure (p) is defined as zero to them. The ordinary differential eqns. [7] [8] describing the advection of quantities in incompressible flow is numerically integrated using fourth order Runge-Kutta (RK4) method and particle positions (x j , z j ) are updated at subsequent time steps.
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Boundary conditions
There are a number of methods exist to implement necessary boundary condition (BC) in SPH. For applying the free slip BC on the edges around the computational domain, ghost particles (GPs) have been used. GPs are actually mirror image at the edge from the particle. After creation of the GPs at each and every time steps, it is possible to satisfy the required BCs by specifying flow properties like pressure(p), velocity (v) etc. (Colagrossi and Landrini(2003) ) and then making interactions in between them and the fluid particles from where the GPs have been created. The dynamic free surface BC (DFSBC) has been satisfied by capturing particles lying at the free surface and setting pressure (p) =0 at them.
Boussinesq theory
Following the Boussinesq theory, the solitary wave profile (η) is expressed at any time t as (12) Where, a is wave amplitude, d is the initial water depth and the c is the wave celerity. From the same theory, the horizontal component of the water particle velocity (u) is given by-
For the solitary wave propagation problem studied by the present SPH model, initially particles are set into the domain by removing all the particles above the profile given by eqn.
[12] at t= 0. The horizontal component of the water particle velocity (u) at the computational entrance is set by eqn. [13] . [12] ). The calculated wave celerity has been found to be 1.067 m/s which is very close to the theoretical wave celerity 1.062 m/s. A solitary wave in NWF may also be generated from initial calm water by considering the left wall of the domain as wave maker and moving it as per 1 st order linear wave theory (Goring (1979) ) so as to generate a solitary wave in the flume. At t= 6s, the solitary wave crest gradually starts to feel the presence of the bottom obstacle and deforms, mainly due to wave reflection from the toe side of the step. From t= 7s (Figure 5d ) onwards, two major changes happen: 1) The reflected wave starts travelling back towards the wavemaker which is at rest during that instant, and 2) The primary solitary wave crest starts travelling away forward above the step. This is what got manifested in the time history (Figure 6a ) recorded at the probe 1; the secondary peak has been found to be rising soon after 6s and prevails up to 12s. The first peak recorded at the probe 1 is due to propagation of the unperturbed solitary wave crest, but, the secondary peak is solely due to the reflected wave. Whereas, for probe 2 (Figure 6b ), the primary peak is shared by the presence of reflected wave along with the primary wave. This is because at the location of the probe 2 (Figure 5d ), the reflected wave appears well before the trough of the primary solitary wave passes, i.e., at t=7s. Thus, it creates the first splitting-up process. Further t= 8s (Figure 5e ) onwards the primary solitary wave continues to deform through the wave transmission process. Again at t=10s (Figure 5f ), around 27m from the initial wave maker position, the primary solitary wave undergoes the second splitting up process. At t= 12 s (Figure 5g ), this transmitted wave is more developed. Therefore, in the time history of probes 2 and 3 (Figures 6b-c) , between 10s-15s, the observed secondary peak is mainly due to the wave transmission process. Further, after 12s, as the primary solitary wave travels away, it is found to split-up into more soiltons (Figure 5h ). However, this phenomenon has been found to be largely biased due to noisy particle distribution particularly near the free surface. This is reflected in the final stages of the time history of probe 2 and at some points in time history of probe 3. Due to the same reason, at probe 4, the time history (Figure 6d ) recorded has been found to be comparatively less smooth (sudden rise of the secondary peak after 12s) than the time histories of other probes. As per the numerical tests, none of the XSPH factors and density re-initialization has been found to rectify this issue. The fulfilment of DFSBC by separately capturing the free surface particles (red dots in all particle configurations in Figures 5a-h ), also has been found not to correct this error significantly. The major source behind this noisy particle distribution at longer time scales may be attributed due to the well known noisy pressure field, which get magnified further in longer time scales. The noise in pressure field is in then related with the particle distribution, which is directly related with the order of accuracy relied by the chosen kernel function. The scheme may be made more stable in longer time by using a higher order kernel (as has already been used by Hu et al. (2011) in sloshing problem). Another approach may be repositioning the particles by domain re-meshing. These efforts take much focus for the future research. Figure 7 shows the vortex field created at 7s while the solitary wave crest propagates over the step. The present SPH model was initially thought to be applied to predict the time interval of arrival of two successive tsunami waves at a given location. But, due to the inevitable numerical difficulties as mentioned above, the prediction of the split-up process has been found to be limited only up to second transmitted wave. With the given limitation, the only way left to predict such time interval is to couple the SPH model with the Boussinesq model (eqns. [12] [13] ). The detail of the algorithm is given in the flow chart in Figure  8 . The measurements of the first two wave heights are shown in Figure 9 . Now, the coupled Boussinesq-SPH model is applied to predict the time interval of arrival of two successive tsunami waves for the case of the great Indian Ocean tsunami occurred in 2004. The nearby sea-bathymetry for the three locations selected for prediction is shown in Figure 10 . In this case, at beginning of each simulation, the SPH prototype model has been set by the knowledge of the near shore bathymetry as available from available data set. Only up to three depth contours have been considered starting from the selected location. The near shore region is modelled as flat domain between the shore location and first depth contour following a steep fall to the second depth contour representing the continental rise, and finally, the computational entrance is considered as flat bottom in the deep contour. The modelling of continental slope is important to simulate the wave split up while wave propagates over it. The wave split up phenomenon occurred over the continental slope has only been attempted by the present SPH model. The simulation has been terminated once the first split up occurred. The knowledge of the slope from first depth contour to the shore location is important if the gradual deformation of the incoming wave is also required but this is ignored in this case study. For the coupled SPH-Boussinesq model to predict the time of arrival between two waves, SPH provides the distance from shore location to the first and second wave to the Boussinesq model. The latter model predicts the time of arrival of each wave at any specified location towards the shore.
RESULTS AND DISSCUSSIONS
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Volume 3 · Number 3 · 2012 Figure 11 . Detail of the SPH prototype model set up for the prediction of arrival of successive tsunami waves. Figure 12 . Process of solitary wave evolution during SPH prototype model simulation: (a) approaching, (b) deforming and (c) disintegrating into two solitons. Figure 11 gives these initial SPH prototype model set up in detail. Particle configurations at various instants of time during the simulation of the scaled SPH prototype model are shown in Figure 12 . As for the selection of proper incident wave height (H), it has been chosen based on many numerical trials. Table 2 presents the computed time interval and the measured field data (Sundar et al. 2006) . It has been observed a close match between the field observed multiple waves and the present estimate of second wave arrival time with reference to the first wave incidence. a bore (at t= 0.4s, Figure 13 (c)). At t= 0.5s, the bore transforms into a plunging jet (Figure 13(d) ), which immediately touches the water surface at the beneath of it and forms multiple jets (Figures 13(e)-(g) ).
The water rushes towards the other end and swells on the vertical wall ( Figure 13 (h)-(j)) and then again forms plunging jets through breaking (Figures 13(k), 13(l) ). The sudden surface sinking at t=1.4s (Figure 13(k) ) has been observed due to the high velocity impact of few particles on the free surface (Figures 13 (i) , (j)) that are escaped during the wave splash process. Numerically, in the absence of sufficient neighbouring particles, the improper interpolation further resulted in spurious acceleration at a very rapid rate under the action of gravity. This spurious surface sinking effect may be rectified by increasing the resolution. The pressure field along with velocity field at the instant t= 0.5s when the incident solitary wave plunges has been shown in Figure 14 .
Test case 4. Simulation of wave breaking by wavemaker; breaking bore approaching towards the sloping beach The last test case considered here is the simulation of the wave breaking in a NWF. For that domain used has been shown in Figure 15 . The wavemaker has been moved following a harmonic motion with . At t= 2s a plunging breaker similar to the first one is found. Meanwhile the resultant wave which formed due to the plunging breakers generated during the first stroke of the wavemaker gradually progress further and becomes steep due to the shoaling effects (at t= 2s, 2.5s Figures 16(g)-(h) ).
CONCLUSION
The complete understanding of tsunami waves, its generation and propagation are still not revealed yet. However, there exist some common features between a tsunami and a solitary wave. Therefore, in numerical modelling many a time, a tsunami wave is represented by a solitary wave due to its known physical characteristics. In this present paper, a SPH meshless method has been described and applied to simulate few test cases. It has been found that the SPH model can efficiently simulate the flow separation due to solitary wave breaking with comparatively less computational load than the cases where capturing in the nonlinearity is possible in longer time scale, e.g. solitary wave split-up. The model has then shown to be applicable in predicting the time interval of two successive waves generated by the great Indian Ocean tsunami. Dependence on the Boussinesq model was necessary due to computational issues. The prediction from the coupled SPH Boussinesq model gives promising results with respect to the measured field data. However, the initial approximation taken to model the continental shelf and the initial incident wave heights manifest the unavoidable differences between the measured and calculated time intervals. The SPH model, still under the development, thus poses the potential to describe the generation of a tsunami wave by under water plate movements and its disintegration while propagating. Extending the model to 3D and parallelization is necessary for the involvement of large number of particles. Thus, all these open up a lot of directions for future research.
